Time-resolved experiments with more than one period of incoherent time evolution are becoming increasingly accessible. When applied to a two-level system, these experiments separate homogeneous and heterogeneous contributions to kinetic dispersion, i.e., to nonexponential relaxation. Here, the theory of two-dimensional (2D) multiple population-period transient spectroscopy (MUPPETS) is extended to multilevel, excitonic systems. A nonorthogonal basis set is introduced to simplify pathway calculations in multilevel systems. Because the exciton and biexciton signals have different signs, 2D MUPPETS cleanly separates the exciton and biexciton decays. In addition to separating homogeneous and heterogeneous dispersion of the exciton, correlations between the exciton and biexciton decays are measurable. Such correlations indicate shared features in the two relaxation mechanisms. Examples are calculated as both 2D time decays and as 2D rate spectra. The effect of solvent heating (i.e., thermal gratings) is also calculated in multidimensional experiments on multilevel systems.
I. INTRODUCTION
Kinetic measurements are a major subset of physical chemistry and take on many different forms appropriate to different processes and timescales. Nonetheless, almost all are one dimensional (1D): a single period of time exists between a single perturbation of the system and a later detection of its evolved state. Our group has been exploring multidimensional kinetics in which there is more than one perturbation, and thus, more than one period of time evolution.
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We have called our approach, which uses weak optical perturbations, multiple population-period transient spectroscopy (MUPPETS). So far, its focus has been on nonexponential relaxation (rate dispersion) in two-level systems. In those systems, MUPPETS can separate homogeneous and heterogeneous contributions to rate dispersion. This paper lays a theoretical foundation for MUPPETS in multilevel systems and especially in excitonic systems-those with equally spaced levels and optical transitions and relaxations that occur in single steps. The most important new features are the ability to accurately separate exciton and biexciton dynamics and to measure correlations in the rate dispersion of exciton and biexciton relaxation. Related experimental results on exciton and biexciton dynamics in CdSe nanoparticles will be published in the near future. 11, 12 The concept of MUPPETS is illustrated in Fig. 1 . A total of six pulses are used: three (1-3) simultaneous pairs (a and b) separated by two times, τ 1 and τ 2 . Each pair causes an incoherent transition, i.e., a transition from one quantum mechanical population to another. Any coherence is assumed to be quenched by rapid dephasing. The novel aspect of MUPPETS is that the correlated relaxation of the population a) Author to whom correspondence should be addressed. Electronic mail:
berg@sc.edu.
during two time periods is measured. Neither ensemble averaging nor relaxation of the molecule occurs between these periods, so different processes are accessible than in experiments with only one relaxation time. Understanding the resulting multidimensional correlation functions when several population states are accessible is a primary aim of this paper. The pulses in each pair come from different directions, so the populations consist of spatial gratings. [13] [14] [15] Detection is by diffraction of pulse 3a from the final population grating and heterodyning the diffracted light with pulse 3b. (Practical detection schemes also account for diffraction in the opposite direction. 4 ) As Fig. 1 (a) suggests, it is possible to arrange the phase-matching geometry such that diffraction only occurs from planes created by the combined action of all four excitation pulses. These more technical aspects of the experiment will not be treated here. It is only important to know that it is practical to isolate a signal that is confined to exactly one electric-field interaction with each of the six pulses.
As with 1D kinetics, theoretical concepts transcend the various experimental implementations needed for different timescales and processes. In existing experiments, MUPPETS has focused on electronic-state relaxation on subnanosecond timescales. However, the theoretical ideas developed here are equally applicable to any timescale. With modest modification, they can also find application to other types of perturbation and other relaxation processes.
MUPPETS has strong parallels to multidimensional coherence spectroscopy (MDCS). MUPPETS measures multiple periods of incoherent evolution (kinetic rates), whereas MDCS measures multiple periods of coherent evolution (spectral frequencies). MDCS began with two-level systems, in which they give "echo" phenomena. 16, 17 These experiments separate homogeneous and inhomogeneous contributions to spectral linewidths, just as MUPPETS of two-FIG. 1. Schematic of the MUPPETS experiment. (a) The upper and lower panels represent rapidly and slowly relaxing subensembles within the sample. Two simultaneous pulses (1a and 1b) from different directions intersect in the sample to create a spatial grating of excited-state molecules (red). After a time τ 1 , a second pair of pulses (2a and 2b) create a second grating of excited molecules (blue). The slow subensemble now contains vertical diffraction planes formed by regions that have interacted twice (black), once (red and blue) and never (white). After an additional time τ 2 , pulse 3a is diffracted from these planes and is combined with pulse 3b for heterodyne detection. The diffraction isolates the signal unique to one interaction with the first excitation and one interaction with the second excitation. (b) An accurate representation of the pulse directions used in the experiment: tan -lens, orange -sample. level systems separates homogeneous and heterogeneous rate dispersion. When MDCS was extended to multilevel systems, it became various forms of spectral correlation spectroscopy, which reveal coupling between different spectral transitions. [18] [19] [20] [21] [22] MDCS is well established in nuclear magnetic resonance 18, 19 and, more recently, has been extended to electronic 20 and vibrational 21, 22 transitions. In the latter two forms, it has been especially valuable in excitonic systems, [23] [24] [25] [26] [27] [28] [29] where the transitions are strongly overlapped in 1D spectra. By analogy, one anticipates that MUPPETS in multilevel systems will probe correlations in the relaxation of different transitions and will be especially relevant in excitonic systems, where spectral discrimination of different transitions can be difficult.
One goal of the paper is to clarify the meaning of the intertransition correlations that we anticipate. Another is to illustrate the interplay of the intertransition and intratransition contributions to the total experimental signal. To tackle these problems, we first develop simplified methods for calculating multidimensional incoherent signals in excitonic systems and then use them to calculate results for several simple, limiting models.
In two-level systems, it is common to reduce the dimensionality of the problem by changing the basis set. The total population is invariant, and only the dynamics of the population difference need to be calculated. The primary simplifications in the current calculations come from extending this idea to multilevel systems. A nonorthogonal coordinate system is required, but this feature is easily handled by the Hilbertspace formalism that we introduced previously. 5, 6 The primary new difficulty in multilevel systems is the possibility of cross-relaxation between basis states. Fortunately, this effect is minimized when higher excitons relax faster than lower excitons. This situation is common due to processes that are called exciton-exciton annihilation in molecular systems or Auger relaxation in semiconductors. Approximations for this case are found. Section II develops the general formalism, and then Sec. III looks in more detail at two-dimensional (2D) MUPPETS for several different energy-level schemes.
These results lead to several useful results that are explored in Sec. IV. Separating exciton and biexciton kinetics can be difficult when the spectral exciton shift is small. MUPPETS is a sensitive and robust method for separating exciton and biexciton dynamics that does not rely on spectral separation. It is also insensitive to the formation of photoproducts, which can complicate power-dependent measurements. In general, the level of coupling between zero-order chromophores needed to create an exciton for purposes of MUPPETS (an incoherent exciton) is much lower than that needed to create an exciton for purposes of coherent spectroscopy (a coherent exciton). Thus, MUPPETS can be useful for studying weakly coupled systems.
Example calculations are presented on four model systems with identical 1D kinetics in Sec. IV C. These models mix homogeneous and heterogeneous exciton relaxation with biexcitons that are either correlated or uncorrelated with the exciton relaxation. Despite having identical 1D kinetics and despite the overlap of intra-and intertransition features, each model produces very different 2D results and would be readily distinguishable in a 2D MUPPETS experiment. Rate correlation between different transitions is shown to be analogous to homogeneous kinetics on a single transition. Correlation between exciton and biexciton relaxation is possible whether or not the individual transitions are homogeneous or heterogeneous. Intertransition rate correlations indicate a shared feature in the two relaxation mechanisms such as dependence on a common bath mode.
Real MUPPETS experiments detect not only the resonant signal due to the chromophore, but also see solvent heating due to chromophore relaxation. 7 These thermal effects are the multidimensional extension of thermal-grating spectroscopy. [13] [14] [15] They are both a complication to measuring the resonant signal and a potential route to measuring nonradiative relaxation between spectroscopically dark states. The theory needed to calculate thermal effects in multilevel MUPPETS experiments is developed in Sec. V.
II. THEORY FOR MULTISTATE SYSTEMS
The Hilbert-space pathway formalism for calculating multidimensional incoherent experiments has been discussed in detail previously. 5, 6, 10 In this formalism, as the number of states in the system increases, the number of pathways increases combinatorially. This section seeks to simplify such calculations. Section II A summarizes previous Hilbert-space results in a convenient notation. Section II B introduces a new basis set to simplify these calculations in a general multistate system. Section II C then specializes to excitonic systems, which will be the focus of the remainder of the paper.
A. Review of incoherent Hilbert-space calculations
The signal from an N-dimensional heterodyned experiment is the change in fluence of the (N+1)th (local oscillator) beam δI N+1 ( ) relative to its total fluence I N+1 , as a function of the local-oscillator-probe phase difference . This change can be expressed as an absorbance A (N) ( ; τ N , . . . , τ 1 ),
where τ n is the time interval between pulses n and n+1. Fourier transforming the phase-dependence extracts a complex absorbance A (N) (τ N , . . . , τ 1 ), which obeys a generalized Beer's law, 7, 10 
This expression contains the detection cross-section operator σ D , the number density of solute molecules ρ, and the length of the sample L. The expectation value of σ D is calculated as a matrix element in the incoherent Hilbert space,
where [I| is the identity state [see Eq. (17)] and | f ] is the final state of the system at the time of detection. The degree sign indicates that the calculations are done without the phase factors for the excitation fields. 7 The phase convention for the complex absorbance is the same as for the complex cross-section: real parts correspond to absorption; imaginary parts correspond to index-of-refraction. The final state | f ] is obtained from the initial, equilibrium state |eq] by successive operators T n , representing optical transitions due to the nth excitation, and G(t n , t n−1 ), representing evolution between times t n−1 and t n ,
4) Throughout the paper, absolute times will be denoted t n , and time intervals will be given by
The equation of motion for an arbitrary state |P] contains the rate operator R(t)
For nonexponential relaxations, the rates are time dependent. The Green's operator G(t n , t n−1 ) is then nonstationary
where the exponential is time ordered.
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The optical-transition operator T
• n is given by
The nth excitation consists of two pulses labeled a and b (see Fig. 1 ), and in Eq. (8), the sum runs over the four permutations of these pulses. The effective fluence of the pair I n,ij is the geometric mean of the fluences of the two pulses, I n,i and I n,j : I n,ij = (I n,i I n, j ) 1/2 . The transition cross-section operator σ T is constructed from the absorption cross-sections of the electronic transitions of the system. Unlike the detection crosssection σ D , which is complex, σ T has only real elements. The dipole-moment tensor M and the polarization tensor n,ij are required to calculate the effects of chromophore rotation, but will be neglected in this paper. The phase-matching conditions are generated by the grating-vector operator K n,ij . We assume that one combination of pulses is perfectly phase matched, and all others are poorly phase matched.
With these assumptions, the equation for the signal reduces to
with 
Each term in the implied sum represents one Hilbert-space pathway. This sum is calculated for a single chromophore before averaging over the ensemble, as indicated by the angular brackets. If the optical cross-sections are independent of time, the time dependence and relative weight of each pathway can be separated 
Because two of its indices are fixed, this matrix also has 2N dimensions. Each element gives the total cross-section of the corresponding element of the correlation-function matrix. The scalar product of these two matrices in Eq. (13) 
and
With these conditions, all pathways begin with |0 ] and end with [0 | [see Eqs. (9) and (12)]. An orthogonal basis set cannot satisfy both Eqs. (16) and (17) . However, in a nonorthogonal basis, bras and kets need not be identical: they are described by different, dual basis sets. 31 In such a nonorthogonal system, the nonzero kets must be orthogonal to [0 |
Because the identity state measures the total population of a state, 5 Eq. (18) means that the nonzero primed kets do not have any net population: they consist only of population differences. As a result, the rate operator R(t) cannot connect the zero and nonzero kets without changing the total population of the system. These two sets of states, zero prime and nonzero prime, are the irreducible sets resulting from the law of population conservation. In addition, |0 ] = |eq] cannot decay; it is unaffected by R(t). Thus, it is possible to reduce the dimensionality of the rate matrix R i j (t) by eliminating its 0 row and column.
The exact form of the nonzero states has not been specified. We choose the first excited state [1 | so it is the only nonzero transition out of |0 ]
The transition cross-section operator acts on a general state |P] in a perturbative fashion 6 (
By the conservation of population, σ T acting on any state can only create a new state with no population, that is, a superposition of nonzero primed states. Thus,
With Eqs. (19) and (21), the transition cross-section matrix (σ T ) i j can also be reduced in dimension by eliminating its 0 row and column.
This procedure drops one nonzero element (σ T ) 0 1 , which occurs on the first step in every pathway. The effect of this element will be included in a new detection vector [σ D |, which is defined by
Because all pathways end on [0 |, the detection matrix and final state can be replaced by this vector. Because there are no transitions into |0 ], the first element of the detection matrix only occurs in static (N = 0) spectroscopy
For all higher order measurements, the n = 0 element of (σ D ) n can be dropped, and the detection vector can be reduced in dimension. The term Re (σ D ) 0 0 is included in the definition of [σ D | for convenience: Using Eq. (23), the Nth-order absorbance will scale explicitly with the static absorbance A (0) . Equation (13) can now be re-expressed as
. . , τ 1 ) 
gives the relative weight of each pathway, but is a lower dimensional matrix than B n,...,j,eq I,...,k,i
[Eq. (15)]. It contains N cross-sections to match the N fluence factors in I (N) . The correlation function is also simplified relative to Eq. (14), because its first index is now fixed. Equation (24) generalizes a familiar expression for the fractional population change in a pump-probe experiment,
The indices in Eq. (24) only run over nonzero values. Thus, in the primed basis set, the entire calculation is restricted to nonzero intermediate states, and the problem is reduced by one dimension. The reduction is possible because of the restrictions implied by population conservation.
For a two-level system, Eqs. (16) and (18) completely determine the primed basis set,
and its dual basis set,
It is also possible to include population conservation in a twolevel system by using an orthogonal basis set. 6 Either approach is viable, but the current one generalizes to multilevel systems.
C. Application to excitonic systems
For more than two states, Eqs. (16) and (18) do not completely define the higher basis states. Choices can be made to further simplify the transition and rate matrices, but more detailed knowledge of the structure of these matrices is needed. We specialize to excitonic systems, which are defined as a set of equally spaced states or groups of nearly degenerate states that undergo optical transitions and relaxation in increments of one "quantum" at a time. The transition and rate matrices of an excitonic system are simplified if the nonzero primed basis kets are chosen to be differences of neighboring states,
with the dual states
The remainder of the paper focuses on 1D and 2D experiments. These experiments cannot access states higher than |3], so four-level schemes will be sufficient. The standard basis set for such schemes is {|3], |2], |1], |0]} (triexciton, biexciton, exciton, and ground states, respectively). The same rate matrix applies for all schemes,
where k t (t) is the triexciton-to-biexciton rate, k b (t) is the biexciton-to-exciton rate, and k e (t) is the exciton-to-groundstate rate. When transformed to the primed basis set, the rate matrix becomes
which can be reduced in dimensionality to
In addition, the total signal given by Eq. (24) simplifies because the first excited state defined by Eq. (19) is also the lowest state in the relaxation scheme given by Eq. (33) , that is, j = 1
. . , τ 1 )
(34) Thus, the signal is calculated as a product of two 2(N−1)-dimensional matrices, one dimension lower than in Eq. (13). Off-diagonal elements in the rate matrix add complexity to the calculations. It is not generally possible to diagonalize the rate matrix with any coordinate transformation. However, in the primed basis set, the off-diagonal terms become small if each higher exciton relaxes rapidly compared to lower excitons. As discussed in Sec. IV B below, this limit can be regarded as one of strong incoherent coupling. In the current example,
The transition and detection cross-section matrices depend on the spectroscopic details of the system. Three examples are shown in Fig. 2 . They have been chosen to illustrate important limiting behaviors in the final signal. Scheme A represents an exciton consisting of many coupled chromophores (M → ∞, see Sec. IV B). The ground-toexciton transition has the same cross-section as the excitonto-biexciton and biexciton-to-triexciton transitions: σ 01 = σ 12 = σ 23 = σ . In addition, the downward transitions have the same cross-section as the upward transitions: σ 01 = σ 10 , σ 12 = σ 21 and σ 23 = σ 32 .
Alternatively, the exciton levels may not be eigenstates. They may have internal structure or dynamics within a band of nearly degenerate eigenstates. Scheme B is an example. Absorption to a bright state is followed by rapid relaxation to a state with zero emission cross-section: σ 10 = σ 21 = 0. The ground-to-exciton and exciton-to-biexciton transitions still have the same strength: σ 01 = σ 12 = σ . No triexciton state is included.
Scheme C is similar to Scheme B, in that it has no triexciton and no emission (σ 10 = σ 21 = 0). However, it consists of few coupled chromophores, so the exciton-to-biexciton transition has a lower cross-section than the ground-to-exciton transition. We choose σ 01 = 2σ 12 = 2σ (M = 2, see Sec. IV B). CdSe nanoparticles with band-edge excitation are a real system approximated by model C.
For Scheme A in the standard basis set, the transition matrix is
and the detection matrix is
where the prime indicates the real part of the complex crosssection. In the primed basis set, these matrices become
Reducing the dimensionality of the matrices yields
To evaluate the total signal for Scheme A, Eqs. (7) and (14) . These components are put into Eq. (34) to give the experimental signal. Examples of this procedure are given in Sec. III.
III. PATHWAY CALCULATIONS IN EXCITONIC SYSTEMS

A. Cross-sections
In the standard basis set, Eq. (13) yields three pathways with nonzero amplitude for 1D experiments and 16 pathways for 2D experiments. In the primed basis set using Eq. (34), the number of pathways is reduced to one for 1D experiments and three for 2D experiments. These pathways are shown on the right-hand side of selection rules in the primed basis set allow one to quickly enumerate the pathways with nonzero amplitude on such diagrams.
The correlation function corresponding to each pathway is shown on the left-hand side of Fig. 3 . It is formed from the matrix elements of the time-evolution operator of the corresponding pathway through Eq. (14) . The steps in the pathways are labeled above the solid line with the indices used in our equations.
In the case where biexciton relaxation is faster than exciton relaxation, pathway (ii), which is in gray, has only a small contribution. That pathway will be discussed in Sec. III C. For now, we only consider the two dominant 2D pathways. Note that the triexciton state contributes to the detection cross-section in Scheme A, but |3 ] cannot occur as an intermediate state in a 2D experiment.
The total cross-section for each pathway is calculated from the matrix elements of the cross-section operators, σ T and σ D , according to Eq. (25). The exact cross-section for each pathway and, in particular, the relative contributions of exciton and biexciton dynamics, depends on the details of the state scheme. Results for the three schemes of Fig. 2 are shown in the center of Fig. 3 . Scheme A is a limiting case (see Sec. IV B below) where excitons are detectable and biexcitons are not. The only pathway involving biexciton dynamics, pathway (i), has a cross-section of zero. Scheme B is in the opposite limit: biexcitons are directly detectable and excitons are not. Scheme B gives no signal in a 1D experiment, and 2D pathway (iii) has a cross-section of zero. However, 2D pathway (i) has a nonzero cross-section and can be measured in Scheme B. Information on both exciton and biexciton dynamics are available from this pathway.
Scheme C is an intermediate case where pathways ending with either excitons or biexcitons contribute to the signal. The notable feature is that the two pathways (i) and (iii) have opposite signs. Generally, the biexciton relaxes faster than the exciton, and the signal will initially rise as the negative biexciton signal decays. This feature allows 2D MUPPETS to cleanly separate exciton and biexciton dynamics, as will be illustrated in Sec. IV A.
To summarize, the relative contributions of exciton and biexciton dynamics to a 2D experiment vary with the transition cross-sections of the system of interest. These crosssections determine both the relative signs and magnitudes of the correlation functions that are measured, and thus, the type of dynamical information that is available.
B. Diagonal correlation functions
The reduction in the number of pathways in the primed basis set not only simplifies the calculation of the amplitudes; it also reduces the number of correlation functions to a minimum. Figure 3 shows that a 1D experiment is described by a single correlation function C 1 1 (τ 1 ). This correlation function is diagonal in the sense that in one time period it only measures survival of one basis state. In this case, the notation can be simplified:
. This type of correlation function is normalized to one at the time origin.
Using Eqs. (7), (14) and (33), the exciton decay measured in a 1D experiment is given by
A similar correlation function,
defines the biexciton decay, but it cannot be measured in a 1D experiment. The 2D signals are dominated by diagonal correlation functions. The exciton-exciton correlation function,
occurs in pathway (iii) of Fig. 3 . It is essentially similar to the 2D correlation function previously studied in two-level systems. 3, 8, 10 If the decay is nonexponential due to homogeneous causes, the 2D correlation function is the product of 1D correlation functions,
If the decay is heterogeneous, the 2D correlation function is equal to the 1D correlation function of the sum of the time variables,
Thus, with 2D MUPPETS in an excitonic system, it is possible to distinguish homogeneous and heterogeneous mechanisms of rate dispersion of the exciton decay, just as it is in a two-level system. A new feature of MUPPETS in multilevel systems is the possibility of cross-correlations between different relaxations. For example, pathway (i) in Fig. 3 has an exciton-biexciton correlation function,
Although two transitions are involved, the correlation is still diagonal during each time interval. When τ 1 = 0, this function gives access to the biexciton decay [Eq. (43)],
More generally, C 2 1 (τ 2 , τ 1 ) is sensitive to correlations between exciton and biexciton dynamics. These correlations are an important new feature in multilevel MUPPETS and are illustrated with examples in Sec. IV C.
C. Off-diagonal correlation functions
In addition to the diagonal correlation functions just discussed, multilevel systems also have correlations involving relaxation between basis states during one of the time periods. These correlation functions involve off-diagonal elements of the rate matrix. For example, pathway (ii) in Fig. 3 has the correlation function
which involves relaxation from |2 ] to |1 ] during τ 2 . The Appendix [see Eq. (A5)] shows that the off-diagonal time evolution can be calculated exactly once a dynamic model for the diagonal elements is specified
However, it is difficult to make general statements about the full correlation function from this exact expression. Fortunately, the primed basis set makes the crossrelaxation small when biexciton relaxation is faster than exciton relaxation. In this case, the relaxation of the standard basis state |2] is biphasic: first |2] decays to |1], and then |1] decays to |0]. In the primed basis, this decay is represented by a sum of G 2 2 (t 2 , t 1 ) and G 1 1 (t 2 , t 1 ). However, this sum contains a small error: the decay of |1] does not start immediately as it does in G 1 1 (t 2 , t 1 ); the start of its decay is delayed by the time needed for the biexciton to decay. This correction is isolated as the off-diagonal time evolution G 2 1 (t 2 , t 1 ). If the decay of the exciton during the biexciton lifetime is small, the correction is small. The Appendix shows that in this limit, the off-diagonal time evolution can be approximated by [see Eq. (A11)]
The cross-relaxation correlation function cannot be calculated until the correlation between exciton and biexciton dynamics are specified. However, its properties can be illustrated with the case of uncorrelated dynamics. In that case, the 1D and 2D correlation cross-relaxation correlation functions can be expressed in terms of the diagonal correlation functions,
Cross-relaxations are not normalizable: they are zero at the time origin. Their contribution to the signal must be judged not by their cross-section, as given in Fig. 3 , but by their maximum size. The 2D function C 2 1 1 (τ 2 , τ 1 ) is zero whenever τ 2 = 0. Its maximum lies along τ 1 = 0, where it is equal to the 1D cross-relaxation function,
It rises slowly in τ 2 with the exciton decay C 1 (τ 2 ), but is cut off by the rapid biexciton decay C 2 (τ 2 ) [see Eq. (52) and Fig. 4(a) ]. If the dynamics can be characterized by average rate constants, the maximum value of C 
IV. EXAMPLES OF NEW EFFECTS
A. Separating exciton and biexciton dynamics
This section will present calculations of 2D-MUPPETS results for several simple models of the dynamics. All the models are based on state Scheme C in Fig. 2 , where all pathways are active. The 1D correlation functions for all the examples will be the same
for the exciton and
for the biexciton. These two decays are similar,
with the biexciton decaying ten times faster (c = 10) than the exciton. The decays are stretched exponentials in time and are shown in Fig. 4(a) . The cross-relaxation C 2 1 (τ 1 ) in the uncorrelated limit [Eq. (52)] is also shown in Fig. 4(a) . As expected, the large difference between exciton and biexciton decay times makes this term small.
In addition to the time-domain decays, it is useful to look at rate spectra. The rate spectrumĈ(y) of a correlation function C(τ ) is defined implicitly by
The rate spectrum is essentially the inverse Laplace transform of the time decay expressed on a logarithmic scale, y = ln(κτ 0 ), where κ is the Laplace rate. More detail on the properties and calculation of rate spectra can be found in Ref.
2. The rate spectrumĈ 1 (y) of the stretched exponential in Eq. (55) is shown in Fig. 4(b) . Applying the transform in Eq. (58) twice, a 2D time function C(τ 2 , τ 1 ) can be expressed as a rate-correlation spectrumĈ(y 2 , y 1 ). The experimental signal in a 1D experiment is directly related to the 1D exciton correlation function,
The other 1D correlation functions cannot be observed in a 1D experiment, but they can be accessed in a 2D experiment. The full 2D signal is
Along the τ 2 = 0 axis, the 2D experiment simply duplicates the information in the 1D experiment
Along the τ 1 = 0 axis, the 2D absorbance reduces to a sum of the three 1D correlation functions,
(62) These two cuts through the 2D signal are shown in Fig. 5 as solid curves. Because they are related to 1D correlation functions, they contain no new information on rate heterogeneity or correlation. Nonetheless, they contain new information on the biexciton decay that is not available from 1D measurements.
In a two-level system, these two cuts are identical.
2, 8, 10
Thus, the asymmetry in τ 1 and τ 2 is diagnostic of a biexciton contribution to the signal. Because the two contributions have opposite signs, the cut along τ 1 = 0 may not be monotonic: it can rise as the negative biexciton contribution decays. This feature is also unique to a multilevel system. The effect is weak for the parameters chosen here, but it can be more prominent under other conditions. 11, 12 It is more clearly seen in the dashed blue curve in Fig. 5 , which leaves out the effects of cross-relaxation.
This feature gives MUPPETS a unique potential to separate exciton and biexciton dynamics. Subtracting the two zero-time cuts [Eqs. (61) and (62)] gives the biexciton decay
The small cross-relaxation term can be approximated with Eq. (52) and removed. In many systems, the exciton shift is too small to spectrally separate exciton and biexciton dynamics. If there is a significant difference in their decay rates, 1D experiments give a power-dependent change in kinetics that can be identified as the contribution of biexcitons. Unfortunately, a long lived photoproduct with a fast exciton decay has exactly the same properties and can be mistaken for a biexciton. 33 In a 2D MUPPETS experiment, a photoproduct with a fast exciton lifetime contributes to C 1 (τ ) and is eliminated in Eq. (63). This experiment distinguishes between species that existed before the pulse sequence (photoproducts) and species created during the pulse sequence (biexcitons). This idea is illustrated in more detail by model III below (Sec. IV C 3). It will also be demonstrated experimentally in future papers. 11, 12 This mechanism fundamentally discriminates between exciton and biexciton signals. If a photoproduct is present and its biexciton decay differs from the biexciton decay of the primary species, the measured C 2 (τ ) will contain a mixture of both signals. An extrapolation to zero average power is still needed to eliminate this possibility. The forthcoming papers will also explore the power dependence of the MUPPETS signal in more detail and demonstrate the necessary extrapolation. 11, 12 The sign change between exciton and biexciton signals is dependent on having a net absorption from the exciton state (excited-state absorption minus stimulated emission) that is weaker than the absorption from the ground state. This condition is satisfied in most real excitonic systems.
B. Coherent versus incoherent excitons
Any discussion of excitonic systems faces a potential paradox. Any set of zero-order, two-level chromophores can be grouped to form a multilevel system. To avoid a paradox, all multiexciton effects must disappear in the absence of a suitable interaction between the zero-order chromophores. The number of zero-order chromophores to consider is nontrivial in many systems: How many electron-hole pairs in a semiconductor? How many molecules in a dye aggregate? How many "segments" in a conjugated polymer? First, one cannot define an excitonic system that is overly large. If M zero-order chromophores with an absorption crosssection σ are included, the ground-to-exciton cross-section is Mσ , the exciton-to-biexciton cross-section is (M−1)σ , and so on. In the limit as M becomes large, Scheme A (Fig. 2) is reached as a limit. In this scheme, the pathways involving multiple excitons have zero amplitude (Fig. 3) . The reason is that absorption saturation is lost as M becomes large. Without nonlinear absorption, there can be no signal in a multidimensional experiment.
Second, one must consider the nature of the interaction between chromophores. In spectral correlation spectroscopy, the interaction must perturb the zero-order spectroscopy of the system, either splitting the transitions or transferring absorption strength between exciton and biexciton transitions. This relatively strong coupling is sufficient, but not necessary, to create multiexciton effects in MUPPETS.
We focus on the more difficult case where the zero-order spectra and cross-sections are not perturbed and an exciton would not be seen in spectral measurements
This equation requires that both the integrated cross-sections and the cross-section at each frequency are not perturbed, that is, there is no coherent coupling. Even without spectral interactions, there can be an interaction that perturbs the rates, for example, one that causes exciton-exciton annihilation. This interaction constitutes an incoherent coupling. This coupling expresses itself primarily through the cross-relaxation function, which we previously calculated in the limit of strong incoherent coupling, k b 2k e , Eq. (51). In the limit of no coupling, statistics cause the biexciton rate to be twice the exciton rate,
or the biexciton decay to be the square of the exciton decay,
Putting this zero rate-coupling limit into Eq. (A8) gives
The relevant 2D cross-relaxation function [Eq. (47)] is then
In the absence of spectral perturbations, the relative cross-sections for the three 2D pathways are those of Scheme C (Fig. 3) . With Eq. (68), the cross-relaxation pathway (ii) partially cancels the exciton-exciton pathway (iii), but completely cancels the exciton-biexciton pathway (i). Thus, all multiexciton effects disappear from MUPPETS unless there is an incoherent coupling that violates Eq. (65). Conversely, any deviation from Eq. (65) creates excitonic effects that are detectable in MUPPETS. However, a coherent coupling that violates Eq. (64) is not required. Thus, a system may need to be treated as an incoherent exciton in MUPPETS, even when it does not need to be treated as a coherent exciton in spectral correlation spectroscopy.
The difference between incoherent and coherent excitons is one of degree, not of kind. Consider the interaction energy coupling the zero-order chromophores. The inverse of this energy gives an interaction time that describes the rate of energy transfer between the chromophores. To have a coherent coupling that is detectable in coherent spectroscopy, the interaction time must be on the order of or shorter than the dephasing time, i.e., there must be coherent energy transfer. If the interaction is weaker, it can still induce incoherent energy hopping that leads to exciton-exciton annihilation. So long as the annihilation time is on the order of or shorter than the population decay time, an incoherent coupling will perturb the rates and will be detected by MUPPETS. If the population decay time is longer than the dephasing time, a system may constitute an incoherent exciton, even when it is too weakly coupled to form a coherent exciton.
C. Measuring exciton-biexciton correlations
The full 2D-MUPPETS signal, A (2) (τ 2 , τ 1 ) with both τ 1 and τ 2 varying, depends on correlations in the kinetics. The exciton-exciton correlation C 1 1 (τ 2 , τ 1 ) reports on whether the dispersion in C 1 (τ 1 ) is due to a homogeneous [Eq. (45)] or a heterogeneous [Eq. (46)] mechanism. This idea has been thoroughly discussed in two-level systems. 2, 3, [8] [9] [10] The new feature in excitonic systems is the exciton-biexciton function C 2 1 (τ 2 , τ 1 ), which reports on correlations between two different transitions. To illustrate the behavior of this function, we will calculate the 2D-MUPPETS signal for four limiting models: homogeneous or heterogeneous exciton kinetics combined with either correlated or uncorrelated excitonbiexciton kinetics.
The time-domain representation of the final signal for each model is shown in Fig. 6 . As discussed in Sec. IV A, the (Fig. 4) . decays in τ 1 and in τ 2 are not symmetric, a characteristic of a multilevel system. All the models have identical 1D decays (Fig. 4) , but the 2D decays in Fig. 6 are quite different. On an empirical basis, 2D MUPPETS can distinguish different levels of exciton heterogeneity and different levels of excitonbiexciton correlation.
A more rational discussion of the different results is possible using the 2D rate spectra of the total signal and the components contributing to it (Fig. 7) . In two-level systems, the diagonal of a 2D rate spectrum is always the square of the 1D rate spectrum and is the same for all models. 2 The spectra also have reflection symmetry about the diagonal. In multilevel systems, these features remain in the exciton-exciton components [ Fig. 7(I.a-III.a) but are lost in the total spectra [ Fig. 7(I.c-III.c) ].
Model I: Homogeneous exciton and uncorrelated biexciton
In model I, all the particles are identical, i.e., there is no heterogeneity. The exciton decay of any single chromophore is dispersed due to a complex relaxation mechanism, i.e., the dispersion is homogeneous. In this case, the excitonexciton correlation function in time is given by Eq. (45). The corresponding rate spectrum, is shown in Fig. 7(I.a) . The amplitude along the diagonal is the square of the 1D exciton spectrum in Fig. 4(b) . 2 In this model, the off-diagonal amplitude takes on its maximum value everywhere. If the decays were modeled with discrete rates instead of continuous distributions, the off-diagonal amplitude would appear as cross peaks linking rates lying on the diagonal. 2 The off-diagonal amplitude shows that the corresponding diagonal rates are components of a single, complex relaxation process: the diagonal rates "co-exist" on the same chromophore.
Model I additionally assumes that the exciton and biexciton relax by independent and unrelated mechanisms. Thus, the exciton and biexciton kinetics are uncorrelated
The negative of the corresponding rate spectrum,
is shown in Fig. 7(I.b) . The spectrum is no longer centered on the diagonal, but rather on a shifted, parallel line. The spectrum shows strong amplitude off this line, just as the excitonexciton spectrum shows strong off-diagonal amplitude. Thus, rate homogeneity of a single transition [Eqs. (45) and (69)] is analogous to a lack of correlation in the rates of two transitions [Eqs. (70) and (71)]. In either case, knowing that a rate is observed on a given chromophore in one measurement does not give any additional information on whether a different rate will be observed on the same chromophore in a second measurement.
The identifying characteristic of fully homogeneous/uncorrelated kinetics is that the 2D signal is separable in the two time variables or in the two rate variables. This separability extends to the cross-relaxation [Eqs. (45) and (53)] and thus, to the total signal. In the time decays of Figs. 6(I.a) and 6(I.b), separability causes all the curves in either plot to overlap after normalization. In the rate spectra, it is this separability that leads to a maximal spread along the anti-diagonal direction. Figure 7 (I.c) shows the rate spectrum of the total signal, including the cross-relaxation. There is strong overlap of the exciton-exciton and exciton-biexciton components, but enough information remains to identify the important features of each component. A horizontal node is formed by cancellation between the exciton-exciton and exciton-biexciton components. The horizontal node reflects the separability of the total signal and, thus, is an identifying feature of a homogeneous and uncorrelated system.
Model II: Heterogeneous exciton and uncorrelated biexciton
In model II, each chromophore has a simple, exponential exciton decay, i.e., there is no homogeneous dispersion. The dispersion of the ensemble decay [Eq. (55)] is only due to differences in the decay rates of different chromophores, i.e., the dispersion is due to heterogeneity. In this case, the exciton-exciton correlation function is given by Eq. (46). The corresponding rate-correlation spectrum,
is shown in Fig. 7(II.a) . The diagonal amplitude is identical with that of model I [ Fig. 7(I.a) ]. However in model II, there is no off-diagonal amplitude. The lack of off-diagonal amplitude indicates that different rates do not "co-exist" on a single chromophore: each rate is associated with a different chromophore.
As with model I, model II assumes that the exciton and biexciton decay by independent mechanisms. In particular, the exciton heterogeneity has no effect on the biexciton decay. As a result, Eqs. (70) and (71) still hold for the biexcitonexciton correlation function, and Eq. (53) holds for the crossrelaxation. The biexciton-exciton spectrum [ Fig. 7(II.b) ] is unchanged from model I [ Fig. 7(I.b) ]. However, the total spectrum [ Fig. 7(II.c) ] is quite distinct from that of model I [ Fig. 7(I.c)] .
The corresponding results in the time domain can be interpreted by regarding one time period as a rate-based filter to select a subensemble whose decay is measured in the other time period. Figure 6 (II.b) shows the decay in τ 2 , which measures the sum of exciton and biexciton decays. As τ 1 increases, the first time period progressively removes chromophores with a fast exciton decay. The exciton component during τ 2 slows as τ 1 increases. However, the biexciton component is unaffected by filtering based on the exciton decay time. As these two components become separated in time, the signal rise due to biexciton decay becomes visibly distinct from the slower exciton decay. Figure 6(II.a) shows the decay in τ 1 , which measures only the exciton decay. When τ 2 = 0, all chromophores are measured. As τ 2 increases, the second time period progressively selects for chromophores with well-separated exciton and biexciton lifetimes, as these have less signal cancellation. With no correlation between exciton and biexciton lifetimes, these are the chromophores with a long exciton lifetime. Thus, the exciton decay in τ 1 slows as τ 2 increases.
Model III: Heterogeneous exciton and correlated biexciton
We now introduce exciton-biexciton correlation. Whereas lack of correlation always produces the same result regardless of the mechanistic details, models with correlation require a more detailed specification of how the correlation is produced. Model III assumes that the exciton and biexciton decays of an individual chromophore are both exponential, that is,
Dispersion in the ensemble decay is only due to heterogeneity. In Eqs. (73) and (74), the rate is constant in time, but varies with θ , a static or slow bath variable that varies from chromophore to chromophore. This variable has a probability distribution D(θ ), giving the 1D correlation functions
As in model II, Eqs. (46) and (72) give the heterogeneous exciton-exciton time decay and rate spectrum [ Fig. 7(III.a)] . In model I, the exciton and biexciton rates depended on different, independent bath coordinates, k e (θ e ) and k b (θ b ), and so their dynamics are uncorrelated. In model III, correlation occurs because the exciton and biexciton rates depend on the same bath variable [Eqs. (73) and (74)]. The exact nature of the common dependence must also be specified. For purposes of illustration, we choose
which is consistent with the similarity of the exciton and biexciton decay shapes that we have already assumed [Eq. (57)]. The biexciton-exciton correlation function [Eq. (47)],
reduces to
When c = 1, this equation reduces to the exciton-exciton result for pure heterogeneity [Eq. (46)]. Thus, pure heterogeneity on a single transition is analogous to perfect correlation between two transitions. In a purely heterogeneous sample, one measurement of the exciton rate on a chromophore gives perfect knowledge of the biexciton rate that will be found in a subsequent measurement.
The negative of the corresponding exciton-biexciton rate spectrum,Ĉ 2 1 (y 2 , y 1 ) =Ĉ 1 (y 1 )δ(y 1 − y 2 + ln c),
is shown in Fig. 7(III.b) . The spectrum traces out a curve in the y 2 −y 1 plane. With the simple correlation defined by Eq. (77), the curve is a straight line. Others forms would generate more complex curves. In general, an experimental result in the form of a one-dimensional curve is diagnostic for correlated heterogeneity, and the form of the curve allows the form of the correlation to be inferred. The total rate spectrum and time decay are shown in Fig. 7(III.c) and Fig. 6(III.a and III.b) , respectively. These include the cross-relaxation, (81) which is calculated from Eqs. (49) and (51), and its rate spectrum,Ĉ 2 1 1 (y 2 , y 1 )
In this figure, the node of the rate spectrum lies parallel to the diagonal, reflecting the simple linear form of Eq. (77). More generally, the node will reflect the shape of the excitonbiexciton correlation function and, thus, the form of the correlation. The interpretation of the time decays is similar to that for model II. In Fig. 6(III.b) , as τ 1 increases, chromophores with fast relaxing excitons are eliminated from the measurement. In this model, the remaining chromophores have both a slower exciton and a slower biexciton decay. Both the rise and fall of the signal are delayed as τ 1 increases. Figure 6 (III.a) shows the converse effect. As τ 2 increases, only chromophores with slow decays (either exciton or biexciton) reach the detection phase of the experiment. The exciton decay of the selected chromophores is measured during τ 1 and slows as the selection criterion becomes stricter.
Model IV: Homogeneous exciton and correlated biexciton
Model I considered the case of purely homogeneous dispersion in the exciton and biexciton decays. More precisely, each chromophore had a time dependent rate k e (t) and k b (t) for the exciton and biexciton, respectively. Underlying this timedependence is a bath variable ϕ(t) that is relaxing to a new value in the excited state. In model I, the exciton and biexciton rates depend on different, independent bath coordinates, k e (ϕ e (t)) and k b (ϕ b (t)), and so their dynamics were uncorrelated. Model IV makes the same basic assumptions,
but assumes that the exciton and biexciton decays depend on the same bath property, and so are perfectly correlated. In the absence of heterogeneity, the exciton-exciton correlation function is the same as in model I [Eqs. (45) and (69)]. The biexciton-exciton correlation function is calculated without ensemble averaging, i.e., from
but more information on the dynamics of ϕ(t) is needed. We make the simple assumption that the dynamics of ϕ(t) are the same in the exciton and biexciton state. In this case,
This result can be interpreted by writing it as
with
The function Z(τ 2 , τ 1 ) measures the rate dispersion of C 2 (τ ). When C 2 (τ ) is an exponential, Z(τ 2 , τ 1 ) = 0 everywhere. When C 2 (τ ) is not exponential, Z(τ 2 , τ 1 ) is still zero along the τ 1 = 0 and τ 2 = 0 edges of its domain, but it is nonzero in the middle: positive if the rate slows with time, and negative if the rate increases with time. Thus, Eq. (87) has the maximum deviation from the uncorrelated result [Eq. (45)] allowed by the dispersion of C 2 (τ ). For our model functions, this deviation is a positive one for large values of τ 1 and τ 2 . Under certain conditions, this deviation can give a signal that rises with delay in some regions, for example, in Fig. 6(IV.b) . Rate spectra for this model are difficult to calculate and are not easy to interpret and so are not presented.
V. THERMAL SIGNALS IN MULTILEVEL SYSTEMS
A. General formalism
Heterodyned experiments are not only sensitive to resonant absorption from the solute; they are also sensitive to index-of-refraction changes in the solvent due to the heat released by nonradiative decay. In 1D, these effects are called thermal gratings. [13] [14] [15] (The total thermal response can be separated into a pure thermal and an acoustic component, but that distinction will not be needed here.) In Ref. 7 , we showed how to incorporate thermal effects into pathway calculations of multidimensional experiments. Here that treatment is extended to multilevel systems.
The system states must be expanded to include not only the electronic state of the solute P, but also the energy density of the solvent ε, that is, the state must have the form |P ε]. The energy density is measured at the same (suppressed) k-vector Fig. 3 ]. The final two states of the pathways are expanded to |P n ε ] to show both P, the electronic state, and n ε , the number of quanta of thermal energy deposited in the solvent.
as the electronic state. The response to the solvent energy is linear, so |P ε 1 ] + |P ε 2 ] = |P ε 1 + ε 2 ]. It will be convenient to shift from ε, the heat per volume of solvent, to n ε , the number of photons of energy converted to heat per solute molecule,
An important result of Ref. 7 is that in a multidimensional experiment, only the thermal signal formed by the last excitation is detectable. Thus, the expanded states are only needed at the end of the pathways (see Fig. 8 ).
The generalized absorption due to thermal effects A 
The thermal detection cross-section operator σ Dε can be expressed in terms of n ε , the operator that measures the value of n ε ,
Because the thermal response is a change in the index-ofrefraction, this operator is imaginary. Its magnitude is
where n s is the solvent index-of-refraction and ρ s is the solvent density. This quantity has the units of a cross-section and is normally real and positive. The time-evolution operator for the electronic state G(t , t) is expanded to G ε (t , t), the timeevolution operator of the combined electronic-thermal state, for the last time period. The detection is not of the energy itself, but of the resulting change in index-of-refraction. In Eq. (90), the energy deposition is convolved with C ε (τ ), the time-evolution of thermal energy into an index-of-refraction change. Sophisticated expressions for C ε (τ ) valid over a wide time range are available.
14, 34-37 For purposes of illustration over short times,
is an adequate expression. 7 This thermal correlation function is zero when τ = 0 and reaches a maximum of two at half the acoustic period due to interference between the slowly decaying pure thermal response and the more rapidly oscillating acoustic response.
The convolution in Eq. (90) can be removed, if the decay of the electronic state is much faster than the acoustic period. If the decay is not complete within the acoustic period, but only times /2 are treated, this approximation can be pushed farther. The fraction that decays before /4 (halfway to the maximum) is treated as decaying instantaneously, and the fraction that decays after /4 is treated as never decaying. This approximation is rough when the solute relaxation has a single timescale, but becomes more reasonable when the decay is highly dispersed in time. In this approximation,
The primed basis set for electronic states can be introduced for the thermal pathways, as they were for resonant pathways in Sec. II B. The thermal absorption is then written [compare to Eq. 
The full operator σ Dε has been reduced by one dimension and converted to a vector as in Eq. (22),
with the result that
Because σ Dε is diagonal in the electronic state, only the n = 0 elements are nonzero. The multidimensional correlation function in Eq. (95), which corresponds to the one in Eq. (14) , is The time evolution in the last time period is now governed by the thermal response, rather than by solute dynamics.
B. Results for excitonic systems
In an excitonic system, the number of pathways is severely limited. As with the electronic signal, the primed basis set yields the minimum number of pathways. Figure 8 shows the allowed pathways for N = 1 and N = 2. Only two elements of G ε (t , t) are needed. In calculating them, we allow nonradiative decay that leads to long lived, high energy states ("trap" states) without the immediate release of heat. The fractional yield of heat for the biexciton-to-exciton and exciton-to-ground transitions are Q 2 and Q 1 , respectively. The required matrix elements are then
(t , t).
In the primed basis set when the cross-relaxation is small, each thermal pathway is dominated by the relaxation of a single electronic transition. Combining Eqs. (95)- (100) 
The results for the different models in Fig. 2 differ in only minor ways; model C has been used for specificity. The 1D result is consistent with previous work. [13] [14] [15] The 2D result is new. It allows the thermal effects to be calculated from the correlation functions already discussed in Sec. IV. The thermal cross-section in the 2D expression can be obtained from 1D experiments. The only new information in the 2D thermal signal is the quantum yield of heat for the biexciton decay. Thus, 2D experiments have the potential to measure this quantity.
VI. CONCLUSIONS
This paper has laid the theoretical foundation for MUP-PETS in multilevel systems, especially excitonic systems. The calculations were simplified by introducing a nonorthogonal basis set. By using population conservation, the number of states to be considered was reduced by one. In an excitonic system, the number of pathways and correlation functions are reduced further. An unavoidable complication of multilevel systems is cross-relaxation between basis states. However, suitable approximations were found in the limits of either strong or weak exciton-exciton interaction. Methods for calculating thermal effects in multilevel systems were also presented.
Using these methods, the new information available from MUPPETS was demonstrated. MUPPETS was shown to be very sensitive to chromophore interactions. First, it was shown that much weaker interactions are needed to observe kinetic effects, that is, to form an incoherent exciton, than are needed to observe spectral effects, that is, to form a coherent exciton. In an incoherent exciton, chromophores interact by incoherent energy hopping followed by exciton-exciton annihilation. Second, it was shown that MUPPETS is a sensitive method for detecting incoherent exciton formation. Any asymmetry in the decays along the two time axes is a sign of an incoherent exciton. The difference between these decays is a direct route to the biexciton decay rate and, thus, to the strength of exciton-exciton interactions. Exciton-exciton annihilation can also be measured by power-dependent 1D experiments, but these measurements can be confounded by the build-up of long-lived photoproducts with short exciton lifetimes. MUPPETS is immune to this problem.
Away from the time axes, MUPPETS offers additional information for systems with rate dispersion. Both exciton rate heterogeneity and correlations between exciton and biexciton dynamics are available. Example calculations suggest that there is sufficient information to allow a unique separation of these two effects in most cases. Rate heterogeneity is a concept that has been explored in previous MUPPETS studies of two-level system; the concept of correlated rates between two transitions is a new one. When the rates of two transitions are correlated, the MUPPETS results are similar to those for heterogeneous rates on a single transition. Correlation indicates that the relaxation mechanisms of the two transitions are linked. Correlation is possible whether the individual relaxations are heterogeneous or homogeneous. In the heterogeneous case, individual particles relax either faster or slower than average for both transitions. In the homogeneous case, the relaxations of both transitions depend on the relaxation of a common bath mode.
The practicality of these ideas will be demonstrated in future papers. 11, 12 The results in this paper provide a basis for both a qualitative and quantitative interpretation of those results.
